In this paper, we consider a rotating system of elasticity. It consists of a disk, a flexible beam and a tip mass. The beam is assumed to be non-homogeneous (space depending of physical parameters). Moreover, the flexible beam is clamped at one end to the center of the disk, whereas a tip mass is attached to its other end. The disk rotates freely around its axis with a time-dependent angular velocity and the motion of the beam-mass is confined to a plane perpendicular to the disk. The system is shown to be exponentially stable under the action of: i) a torque control applied on the disk; ii) a force control and moment control or only a force control. Furthermore, the Riesz basis property is proved for the system in the case of uniform angular velocity.
Introduction
The rotational dynamics of complex mechanical systems has been the subject of many research works. Such systems may include articulated and elastic components and arise in aerospace engineering. The purpose of this article is to carry out a mathematical analysis of a variant of one of the well-known systems in literature and introduced by Bailleul and Levi [2] . Indeed, the system in [2] has mainly two parts: an elastic beam free at one end and clamped at the other end to the center of a rotating disk. In our case, we will be concerned with the stability of the above system but with an additional tip mass attached to the free end of the beam [6] . The system can be schematically shown in Fig. 1 . Of course, we shall assume as in [2] that the disk rotates freely about the x-axis with a time-varying angular velocity and the motion of the beam-mass is confined to the x-y plane perpendicular to the disk. Moreover, the disk is supposed to rotate without friction, whereas the beam is clamped at the left-end x = 0, constrained to the x-y plane and all the deflections are assumed to be parallel to the y-axis (see Fig. 1 ). Therefore, we have [2] where x stands for the position and t for the time, y is the beam's displacement, ω is the angular velocity of the disk, is the length of the beam, J is the moment of inertia of mass attached at the free end of beam, I d is the disk's moment of inertia and EI (x), ρ(x) are respectively the flexural rigidity and the mass per unit length of the beam. Furthermore, Θ(t) is the control torque. With regard to the dynamics of the tip mass attached to the other end of the beam, we have [6, 15] :
in which T d (t) is the transverse displacement of the centroid of this rigid body and N d (t) gives the direction its normal makes with the x-axis. Subsequently, neglecting the effect of the non-inertial force terms on the object of mass m and applying the Newton-Euler principles, the dynamics of the rigid body of mass m are given by (for more details, the reader is referred to [15] ) JN d (t) = Jy xtt ( , t) = − EI (x)y xx ( , t) + κ 1 M (t), t > 0, mT d (t) = my tt ( , t) = EI (x)y xx x ( , t) + κ 2 F (t), t>0, (1.2) where κ 1 ≥ 0 and κ 2 > 0 are constant feedback gains and M (t), F (t) are respectively the control moment and the control force. Furthermore, we confine ourselves to the case when the dynamical term related to the mass could be neglected. This situation might arise when the mass attached to the beam is very light. Finally, in order to stabilize the whole system, we suppose that a torque control is applied on the disk and either a force control or both force and moment controls are exerted at the beam. Hereupon, the system is governed by the following nonlinear system
in which κ 3 > 0 is a constant feedback gain of the torque control. In order to place the present paper within the context of the enormous literature that has been generated when dealing with the rotating disk-beam system, let us briefly review what has been achieved. Firstly, we notice that all the stability results available in literatures are established for a simple disk-beam system and so contrary to our system, the tip mass is not present. In other words, the term Jy xtt ( , t) in (1.3) does not appear in previous work. In this case, it has been shown that the system can be either asymptotically or exponentially stable according to the type of controls which constitute the feedback law (see for instance [2, 3, 5, 7, 9, 14, 17, 18, 22, 23] and the references therein). Note also that the system (1.3) with ω = 0 and constant coefficients has been considered in [4] and its exponential stability has been proved. Note also that the work [21] focused on modeling, stability and control of structural systems, which involve a rigid mass including a rotating component attached to the free end of a flexible elastic rod. Such a system is linear (contrary to (1.3)) and has much in common with wind energy units but it is different from ours.
The main contributions of this paper is twofold:
1. We extend the results obtained in [3, 7, 14, 18] to the case when an additional mass is attached to the beam with non-homogeneous flexural rigidity and mass per unit length. 2. We provide, on one hand, an alternative proof for the exponential stability result for a beam-mass system only (resp. disk-beam-mass) obtained in [16] (resp. [6] ) by means of the frequency multiplier method. On the other hand, we are able to show the Riesz basis property and the optimal energy decay rate for a disk-beam-mass system with constant angular velocity. These findings could not be achieved in [6] even for a uniform disk-beam-mass.
An overview of this paper is presented first. In Section 2, we formulate the system (1.3) as an evolution equation in an appropriate state space. In Section 3, we consider a subsystem obtained from (1.3) by assuming that the angular velocity of the disk is uniform. Subsequently, we show that such a subsystem has the Riesz basis property and is uniformly exponentially stable. Section 4 is devoted to the well-posedness and stability of the original system (1.3). Finally, the last section concludes the article with some observations.
Assumptions and setting of the problem
For the sake of simplicity and without loss of generality, assume that J = = 1 (in fact a simple change of variable will lead to unit physical parameters). Moreover, throughout this paper, the flexural rigidity EI (x) and the mass per unit length of the beam ρ(x) are supposed to be positive smooth functions. Specifically, we assume that
Then, let
and consider the state space X defined by
equipped with the following inner product:
As in [7] , the norm induced by (2.3) is equivalent to the usual one provided that 4) which is assumed to be true in the sequel. Hence, X becomes a Hilbert space.
, and define the unbounded operators A and P as follows
and P is a nonlinear operator in X defined by
Then, the system (1.3) can be formulated as a differential equation in X as follows
where A is an unbounded linear operator defined by: 8) and for u ∈ D(A ),
3. Analysis of the system (1.3) with uniform angular velocity ω = Throughout this section, it will be assumed that the disk rotates with a uniform angular velocity ω = and consequently the subsystem of (1.3) reduces to
where
Based on the discussion of the previous section, the space
is a Hilbert space under the assumption (2.4). Furthermore, the system (3.1) can be written in the space H as follows
Well-posedness of the system (3.1)
The objective of this subsection is to show the system (3.1) is well-posed in the sense of semigroup theory. We have: 
Proof. Integrating by parts twice, we have
Hence A is dissipative.
We turn now to the establishment of R(A − λI) = H, for some λ > 0. To do so, we first note that A = A + Q, where A denotes the operator A with = 0 and
. The latter gives
Integrating the first equation in (3.6) four times and using the boundary conditions, one can easily obtain y. Thus A −1 exists on H and consequently R(A − λI) = H for λ > Q [20] . Whence, A generates a C 0 -semigroup of contraction on H. Finally, we deduce the compactness of A −λI by the Sobolev embedding theorem [1] , and hence the spectrum of A consists of isolated eigenvalues of finite algebraic multiplicity only [20] . The proof is complete. 2
Asymptotic behavior of eigenfrequencies and eigenfunctions
In this subsection, we will formulate the eigenvalue problem of the operator A and then establish the asymptotic expression of the eigenvalues as well as the corresponding eigenfunctions. To proceed, let λ ∈ σ(A ) and u := (f, g, ξ) = 0 be the corresponding eigenfunction. It follows that g = λf , ξ = λf (1) and f satisfies the following characteristic equation
We have the following result:
Lemma 3.2. Let A be defined as (2.8) and (2.9) and λ ∈ σ(A ). Then, we have:
Proof. Invoking Lemma 3.1, it remains to show that if λ ∈ σ(A ), then e(λ) = 0. Were this not true, there would be a nonzero μ ∈ R such that iμ ∈ σ(A ). Thereafter, iμu = A u for some nontrivial u ∈ D(A ) and hence e A u, u = 0, which, together with (3.5), implies that
(3.10)
We shall now consider two cases:
1. In the event that κ 1 > 0, we deduce from (3.9) that z(1) = 0 and z (1) = 0. Hence, (3.10) gives
Arguing as in [11] (see also [8] ), one can prove that the above system admits only the trivial solution f ≡ 0 and thus g ≡ 0, ξ = 0, which leads to a contradiction. Thus e(λ) < 0. 2. If κ 1 = 0, then we obtain from (3.9) that z(1) = 0 and (3.10) yields
which has only the trivial solution by means of the assumption (3.8). The proof runs on much the same lines as that of [16, Theorem 3.1] . This contradicts the fact that u = (f, g, ξ) = 0.
The proof is complete. 2
For the further study of the eigenvalue problem, it is advantageous to write (3.7) in a standard form of linear differential equation with homogeneous boundary conditions. An elementary computation gives
Hereafter, we employ the well-known spatial-scale transformation (see [12] )
ds.
Then, the system (3.11) can be brought to the following form
in which
, and
,
.
(3.14)
Subsequently, in order to eliminate the term J( )ψ ( ) in (3.13), we shall utilize the invertible transformation (see [19] )
This gives rise to an equivalent eigenvalue problem
where F(Φ(1), Φ (1)) represents a linear combination of Φ(1) and Φ (1),
and c( ) and d( ) are smooth functions of J( ), K( ) and L( ) satisfying
Hereupon, we argue as in [19] so that we can asymptotically estimate the solutions to the eigenvalue problem (3.16). To proceed, we first invoke Lemma 3.2 and the fact that eigenvalues of A are symmetric about the real axis. This allows us to claim that it suffices to deal with the eigenvalues λ ∈ σ(A ) for which π/2 ≤ arg(λ) ≤ π. Thereafter, let λ := ν 2 and thus
Furthermore, let us denote by ϑ i (i = 1, 2, 3, 4) as follows
Hereby, we have for
Our next objective is to derive the asymptotic expression of the eigenpairs of the problem (3.16). To do so, let us recall the following result [19] . 
has four linearly independent asymptotic fundamental solutions,
where 
21)
for i = 1, 2, 3, 4 and j = 1, 2, 3.
Herewith, in the light of Lemma 3.21, the asymptotic solution of (3.16) has the following form
where f i are defined in (3.20) and each υ i is chosen so that Φ will satisfy the boundary conditions of (3.16). Indeed, the latter gives after tedious but a direct computations: 
In the light of (3.18) and (3.19), there holds
Now we are in a position to state the first asymptotic expansion result. 
where 5 and τ 5 are defined by (3.23) . Furthermore, let σ(A ) = {λ n , λ n : n ∈ N} be the eigenvalues set of A and define
Hereby, for ν n ∈ S, the following asymptotic expansion holds:
24)
for sufficiently large positive integers n. Moreover, combining (3.14) and (3.23) , we deduce that as n → ∞,
Proof. In view of (3.17) and (3.22), one can check, after a straightforward computation, that λ = ν 2 ∈ σ(A )
for ν ∈ S is equivalent to claim that
In turn, one can simplify (3.26) in the following form
Since the equation e νϑ 2 + ie −νϑ 2 = 0 admits solutions
one can apply Rouché's Theorem to (3.27 ) and obtain
where n is a large positive integer. Incorporating (3.28) and (3.29) into (3.26), and using the fact that exp(ν n ϑ 2 ) = −i exp(−ν n ϑ 2 ), we get
Now, it remains to expand, in the last estimate, the exponential functions according to its Taylor series to obtain
which, together with (3.29), implies that for n large enough,
and hence the first assertion in (3.24) is proved. Lastly, since λ n = ν 2 n , ϑ 2 = exp(i π 4 ) and ϑ 2 2 = i, one can easily deduce the second estimate of (3.24). The proof is complete. 2
The asymptotic expansion of the eigenfunctions are settled in the next result: Theorem 3.5. Let λ n := ν 2 n with ν n ∈ S being given by (3.24) . Then for sufficiently large positive integer n, the corresponding eigenfunctions {u n := (f n , λ n f n , ξ n ), ū n := (f n , λ nfn , ξ n )} have the following asymptotics: 
Proof. Recall that λ ∈ σ(A ) if and only if A u = λu holds for u := (f, g, ξ) = 0, that is, f satisfies (3.11) and
The first step is to find the asymptotic expression of f . However, in the light of (3.11), (3.12), (3.15) and (3.16), it suffices to find Φ = 0 satisfying (3.16) or equivalently 
J(s)ds Φ(
According to (3.27), we have e 2νϑ 2 = −i + O(ν −1 ) and consequently the last estimate becomes
Arguing as above, there holds
as well as
Therefore, we have
n e ν n (ϑ 1 +ϑ 2 ) Φ( ), and then invoke (3.33) and (3.35). It follows that
Clearly, the estimates (3.30) are a direct consequence of (3.32), (3.37) and (3.38).
On the other hand, in order to show (3.31), we note that (3.18) and (3.24) yield
Herewith, we have
Finally, combining these estimates with (3.30), the desired result (3.31) follows. 2
Riesz basis property
For sake of clarity, we are going to state a result which is helpful to verify the Riesz basis property for the generalized eigenvectors of a linear operator with compact resolvent in a Hilbert space. 
where σ n is accounted according to its algebraic multiplicity;
such that all σ n are algebraically simple for all n > N 0 .
Before stating our next result and for sake of clarity, let us recall the following: If P is a linear operator generating a C 0 -semigroup S(t), then the spectral bound of P is
whereas the growth order of the semigroup S(t) generated by P is given by
We have: Proof. It suffices to apply Theorem 3.6 for the pair
obtained in Theorem 3.5 and with an appropriate reference Riesz basis of H. In order to choose the reference Riesz basis, let us define the operator A 0 :
and ∀u := (f, g, ξ) ∈ D(A 0 ),
Note that A 0 is nothing but the operator A with κ 1 = κ 2 = = 0. Whence, it is a simple task to check, from previous subsections, that A 0 is a skew-adjoint operator in H with compact resolvent and thus the generalized eigenfunctions
of A 0 form a Riesz basis for H. In addition, one can check that λ n0 (resp. u n0 ) have the same asymptotics as (3.24) (resp. (3.30)) with κ 1 = κ 2 = 0. The proof of this claim runs on the same lines as heretofore, for λ n and u n . Thereafter, using this fact, together with Theorem 3.4 and Theorem 3.5, we deduce the existence of a positive integer N > 0 such that
which can be also verified for their conjugates. Thus, Theorem 3.6 implies that the generalized eigenfunctions of A form a Riesz basis in H.
In turn, the skew-adjoint operator A 0 has alike geometric and algebraic multiplicity of each eigenvalue, we conclude, on one hand, that all eigenvalues of A 0 with sufficiently large modulus are algebraically simple. On the other hand, in view of the Riesz basis for {u n , ū n } n∈N in H, it follows that all eigenvalues of A with sufficiently large modulus are algebraically simple. The spectrum-determined condition is a direct consequence of the Riesz basis property. 2 A standard reasoning leads to deduce the exponential stability of the C 0 -semigroup e A t generated by A from Lemma 3.2, the asymptotics of the eigenvalues of Theorem 3.5 and the spectrum-determined growth condition stated in Theorem 3.7. Indeed, we have:
Theorem 3.8. Let e A t be the C 0 -semigroup generated by the operator A defined by (2.8) and (2.9) . Suppose that the assumption (2.4) holds. Then, e A t is uniformly exponentially stable as long as either
or
• κ 1 = 0, κ 2 > 0 and the conditions in (3.8) hold.
Besides the situations considered heretofore (see Lemma 3.2 and Theorem 3.8), there is an interesting instance in which the exponential stability of the semigroup e A t (and so the system (3.1)) is fully characterized. In fact, in the event that there is no moment control (κ 1 = 0), suppose that the flexural rigidity EI and the mass per unit length of the beam ρ are uniform, that is, independent of the space variable x. Then, inspired by the work of [3] (see also [16, 4] .7), where the operator A is involved. Thereby, arguing as in [22, 14] , it suffices to invoke the C 0 -semigroup generation of the linear operator A in H (see Theorem 3.7) and the differentiability of the nonlinear perturbation P [22] to deduce the existence of a unique local strong solution of (2.7) whenever the initial condition lies in D(A ) × R [20] . In turn, if the initial condition is in H, then the system (2.7) admits a unique local mild solution. Subsequently, the solutions are indeed global as the system (1.3) has the following Lyapunov function:
To ascertain the correctness of this claim, one has merely to verify that along the smooth solutions U (t) = (y, y t , y xt (1, t), ω) of (1.3), and under the condition (2.4), we have: (ω(t) − ) 2 dt and the boundedness of each solution (u(t), ω(t)) in X . This implies that lim t→+∞ ω(t) = according to the lemma in [13] and hence for any ε > 0, there exists sufficiently large T 0 such that
The next main result is: (3.8) .
Proof. The proof mimics that of the main result in [14] (see also [5] ). Moreover, we shall confine ourselves to the case where κ 1 and κ 2 are positive (the other case κ 1 = 0 and κ 2 > 0 is very similar). To proceed, let us consider the solution U (t) of the global system (2.7) stemmed from the initial value U 0 = (u 0 , ω 0 ) ∈ D(A ). Then, one can write U (t) = (u(t), ω(t)), where u(t) = (y(·, t), y t (·, t), ξ) is the unique solution of the subsystem where ς and κ are two uniform positive constants related to the exponential stability of the semigroup e A t . Thereafter, it suffices to apply Gronwall's inequality to (4.5) and deduce the exponential stability of u(t) in H provided that ε < ς κ . Finally, returning to (4.3), the exponential convergence of ω(t) towards can be established analogously to [22] . 2
In the case of homogeneous beam (constant parameters), we have the following counterpart to Theorem 4.3, whose proof is similar to that of Theorem 4.3 and hence it is omitted. 
Conclusion
In this work, we have addressed the stability problem of a rotating disk-beam-mass system. Necessary conditions on the physical parameters of the system are derived to reach the stability of the system. Furthermore, a detailed spectral analysis is conducted for the subsystem with uniform angular velocity and the Riesz basis property is proved.
We point out that the results obtained herein are valid under the assumption that the dynamical term of the mass attached to the beam is neglected. Therefore, it is natural to wonder whether this outcome can be reached when the dynamical term of the mass is present but the dynamical term Jy xtt ( , t) in (1.3) is so small that one can ignore it. In physical terms, this corresponds for instance to the case where the mass attached to the flexible beam, has high density. This will be the focus of our attention in a future work.
